On fixed point generalizations of Suzuki’s method  by Aleomraninejad, S.M.A. et al.
Applied Mathematics Letters 24 (2011) 1037–1040
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
On fixed point generalizations of Suzuki’s method
S.M.A. Aleomraninejad a, Sh. Rezapour a, N. Shahzad b,∗
a Department of Mathematics, Azarbaidjan University of Tarbiat Moallem, Azarshahr, Tabriz, Iran
b Department of Mathematics, King AbdulAziz University, P.O. Box 80203, Jeddah 21859, Saudi Arabia
a r t i c l e i n f o
Article history:
Received 1 June 2010
Received in revised form 7 October 2010





a b s t r a c t
In order to generalize the well-known Banach contraction theorem, many authors have
introduced various types of contraction inequalities. In 2008, Suzuki introduced a new
method (Suzuki (2008) [4]) and then his method was extended by some authors (see for
example, Dhompongsa and Yingtaweesittikul (2009), Kikkawa and Suzuki (2008) and Mot
and Petrusel (2009) [7,10,5,6]). Kikkawa and Suzuki extended the method in (Kikkawa and
Suzuki (2008) [5]) and then Mot and Petrusel further generalized it in (Mot and Petrusel
(2009) [6]). In this paper, we shall provide a new condition for T which guarantees the
existence of its fixed point. Our results generalize some old results.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper we suppose that (X, d) is a metric space. We denote the family of all non-empty subsets of X by
2X and the family of all closed subsets of X by C(X). The (generalized) Pompeiu–Hausdorff metric on C(X) is defined by
H(A, B) = max{ρ(A, B), ρ(B, A)},
where ρ(A, B) = supa∈A D(a, B) and D(a, B) = infb∈B d(a, b). Note that, (C(X),H) is a complete generalized metric space (in
the sense of Luxemburg–Jung; see for example [1]). For a multifunction F : X −→ 2X , we denote the fixed point set of F by
F (F), that is, F (F) = {x ∈ X : x ∈ Fx}. In 1969, Kannan proved the following result [2].
Theorem 1.1. Let (X, d) be a complete metric space and T be a Kannan map on X, that is, for some α ∈ [0, 12 ), d(Tx, Ty) ≤
αd(x, Tx)+ αd(y, Ty). Then T has a unique fixed point.
Later, Subrahmanyamproved that ametric spaceX is complete if and only if every Kannanmapping onX has a fixed point [3].
In 2008, Suzuki [4] introduced a new type of mapping and obtained a generalization of the Banach contraction principle in
which the completeness can be also characterized by the existence of fixed points of thesemappings. Define a nonincreasing
function θ form [0, 1) onto  12 , 1 by
θ(r) =









≤ r ≤ 2−12
(1+ r)−1 2−12 ≤ r < 1.
Suzuki proved the following result in 2008 [4].
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Theorem 1.2. For a metric space (X, d), X is complete if and only if every mapping T on X such that there exists r ∈
[0, 1), θ(r)d(x, Tx) ≤ d(x, y) implies that d(Tx, Ty) ≤ rd(x, y) for all x, y ∈ X, has a fixed point.
Then, Kikkawa and Suzuki extended Theorem 1.2 tomultivaluedmappings [5]. In the following result, CB(X) is the family
of all non-empty closed and bounded subsets of X .
Theorem 1.3. Let (X, d) be a complete metric space and F : X −→ CB(X) a multifunction. Assume that there exists r ∈ [0, 1)
such that 11+r d(x, Fx) ≤ d(x, y) implies that H(Fx, Fy) ≤ rd(x, y) for all x, y ∈ X. Then F has a fixed point.
Later, Mot and Petrusel extended Theorem 1.3 as follows [6].
Theorem 1.4. Let (X, d) be a completemetric space and F : X −→ C(X) amultifunction. Assume that there exist a, b, c ∈ [0, 1)
such that a+ b+ c < 1 and 1−b−c1+a d(x, Fx) ≤ d(x, y) implies that H(Fx, Fy) ≤ ad(x, y)+ bd(x, Fx)+ cd(y, Fy) for all x, y ∈ X.
Then F has a fixed point.
Finally, Dhompongsa and Yingtaweesittikul generalized Theorem 1.4 as follows [7].
Theorem 1.5. For a metric space (X, d), X is complete if and only if for each r ∈ [0, 1), F : X −→ C(X) a multifunction such
that
θ(r)d(x, Fx) ≤ d(x, y) implies H(Fx, Fy) ≤ r max{d(x, y), d(x, Fx), d(y, Fy)}
for all x, y ∈ X and the function x → d(x, Fx) is lower semicontinuous, has a fixed point.
The aim of this paper is to provide a new condition for T which guarantees the existence of its fixed point. Our results
generalize some old results (see for example, [7,5,8]). In this way, consider a continuous function g : [0,∞)5 −→ [0,∞)
satisfying the following conditions:
(a) g(1, 1, 1, 2, 0) = g(1, 1, 1, 0, 2) = h ∈ (0, 1),
(b) g is sub-homogeneous, that is, g(αx1, αx2, αx3, αx4, αx5) ≤ αg(x1, x2, x3, x4, x5) for all α ≥ 0 and all (x1, x2, x3,
x4, x5) ∈ [0,∞)5,
(c) If xi, yi ∈ [0,∞) and xi < yi for i = 1, . . . , 4, then g(x1, x2, x3, x4, 0) < g(y1, y2, y3, y4, 0) and g(x1, x2, x3, 0, x4) <
g(y1, y2, y3, 0, y4).
In this case, we write g ∈ R. We appeal the following results in what follows.
Proposition 1.6 ([9]; Lemma 1.3). If g ∈ R and u, v ∈ [0,∞) are such that
u ≤ max{g(v, v, u, v + u, 0), g(v, v, u, 0, v + u), g(v, u, v, v + u, 0), g(v, u, v, 0, v + u)},
then u ≤ hv.
2. Main results
Now, we give the following result about common fixed points of two multifunctions.
Lemma 2.1. Let (X, d) be a complete metric space and F ,G : X −→ C(X) two multifunctions. Suppose that there exist
α ∈ (0,∞) and g ∈ R such that αd(x, Fx) ≤ d(x, y) or αd(y,Gy) ≤ d(x, y) implies
H(Fx,Gy) ≤ g(d(x, y), d(x, Fx), d(y,Gy), d(x,Gy), d(y, Fx))
for all x, y ∈ X. Then F (F) = F (G).
Proof. If x ∈ Fx, then αd(x, Fx) = 0 = d(x, x). Hence,
d(x,Gx) ≤ H(Fx,Gx) ≤ g(d(x, x), d(x, Fx), d(x,Gx), d(x,Gx), d(x, Fx))
≤ g(0, 0, d(x,Gx), d(x,Gx), 0).
By using Proposition 1.6, we have d(x,Gx) ≤ h0 = 0 and so x ∈ F (G). Thus, F (F) ⊆ F (G). Similarly, we can obtain
F (F) ⊆ F (T ). 
Theorem 2.2. Let (X, d) be a complete metric space and F ,G : X −→ C(X) two multifunctions. Suppose that there exist
α ∈ (0, 1) and g ∈ R such that α(h+ 1) ≤ 1 and αd(x, Fx) ≤ d(x, y) or αd(y,Gy) ≤ d(x, y) implies
H(Fx,Gy) ≤ g(d(x, y), d(x, Fx), d(y,Gy), d(x,Gy), d(y, Fx))
for all x, y ∈ X. Then F (F) = F (G) and F (F) is non-empty.
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Proof. By Lemma 2.1, F (F) = F (G). Fix 1 > r > h and x0 ∈ X . Choose x1 ∈ Fx0 such that αd(x0, Fx0) < d(x0, x1). Then,
we have
d(x1,Gx1) ≤ H(Fx0,Gx1)
≤ g(d(x0, x1), d(x0, Fx0), d(x1,Gx1), d(x0,Gx1), d(x1, Fx0))
≤ g(d(x0, x1), d(x0, x1), d(x1,Gx1), d(x0, x1)+ d(x1,Gx1), 0).
By using Proposition 1.6, we obtain d(x1,Gx1) ≤ hd(x0, x1) < rd(x0, x1). Now, choose a number µ such that infy∈Gx1
d(x1, y) = d(x1,Gx1) < µ < rd(x0, x1). Thus, there exists x2 ∈ Gx1 such that d(x1, x2) < µ < rd(x0, x1). Since αd(x1,
Gx1) < d(x1, x2), by using the assumption we have
d(x2, Fx2) ≤ H(Fx2,Gx1)
≤ g(d(x1, x2), d(x2, Fx2), d(x1,Gx1), d(x2,Gx1), d(x1, Fx2))
≤ g(d(x1, x2), d(x2, Fx2), d(x1, x2), 0, d(x1, x2)+ d(x2, Fx2)).
By using Proposition 1.6, we obtain d(x2, Fx2) ≤ hd(x1, x2) < rd(x1, x2). Now by using a similar method, we can choose
x3 ∈ Fx2 such that
d(x2, x3) < rd(x1, x2) < r2d(x0, x1).
By continuing this process, we obtain a sequence {xn} in X such that
x2n−1 ∈ Fx2n−2, x2n ∈ Gx2n−1, d(x2n−2, x2n−1) ≤ rnd(x0, x1),
d(x2n, Fx2n) ≤ hd(x2n−1, x2n) and d(x2n−1,Gx2n−1) ≤ hd(x2n−2, x2n−1).
If xm = xm+1 for some m ≥ 1, then F and G have a fixed point. Suppose that xn ≠ xn+1 for all n ≥ 1. Since {xn} is a Cauchy
sequence, there exists x ∈ X such that xn → x. Now, we claim that for each n ≥ 1 one of the relations αd(x2n, Fx2n) ≤
d(x2n, x) and αd(x2n+1,Gx2n+1) ≤ d(x2n+1, x) hold. If αd(x2n, Fx2n) > d(x2n, x) and αd(x2n+1,Gx2n+1) > d(x2n+1, x) for
some n ≥ 1, then we obtain
d(x2n, x2n+1) ≤ d(x2n, x)+ d(x, x2n+1)
< αd(x2n, Fx2n)+ αd(x2n+1,Gx2n+1)
≤ αd(x2n, x2n+1)+ αhd(x2n, x2n+1).
Thus, we get α(h+ 1) > 1 which is a contradiction. Therefore, our claim is proved. Now by using the assumption, for each
n ≥ 1 either
H(Fx2n,Gx) ≤ g(d(x2n, x), d(x2n, Fx2n), d(x,Gx), d(x2n,Gx), d(x, Fx2n))
or
H(Fx,Gx2n+1) ≤ g(d(x2n+1, x), d(x, Fx), d(x2n+1,Gx2n+1), d(x,Gx2n+1), d(x2n+1, Fx))
hold. Therefore, one of the following cases holds:
(i) There exists an infinite subset I ⊆ N such that d(x2n+1,Gx) ≤ H(Fx2n,Gx) ≤ g(d(x2n, x), d(x2n, Fx2n), d(x,Gx), d(x2n,
Gx), d(x, Fx2n)) for all n ∈ I ,
(ii) There exists an infinite subset J ⊆ N such that d(Fx, x2n+2) ≤ H(Fx,Gx2n+1) ≤ g(d(x2n+1, x), d(x, Fx), d(x2n+1,Gx2n+1),
d(x,Gx2n+1), d(x2n+1, Fx)) for all n ∈ J .
In case (i), we obtain
d(x,Gx) ≤ d(x, x2n+1)+ d(x2n+1,Gx)
≤ d(x, x2n+1)+ g(d(x2n, x), d(x2n, Fx2n), d(x,Gx), d(x2n,Gx), d(x, Fx2n))
≤ d(x, x2n+1)+ g(d(x2n, x), d(x2n, x2n+1), d(x,Gx), d(x2n, x)+ d(Gx, x), d(x, x2n+1))
for all n ∈ I . Since g is continuous we obtain
d(x,Gx) ≤ g(0, 0, d(x,Gx), 0+ d(x,Gx), 0).
Now by using Proposition 1.6, we have d(x,Gx) = 0 and so x ∈ Gx.
In case (ii), we obtain
d(x, Fx) ≤ d(x, x2n+2)+ d(Fx, x2n+2)
≤ d(x, x2n+2)+ g(d(x2n+1, x), d(x, Fx), d(x2n+1,Gx2n+1), d(x,Gx2n+1), d(x2n+1, Fx))
≤ d(x, x2n+2)+ g(d(x2n+1, x), d(x, Fx), d(x2n+1, x2n+2), d(x, x2n+2), d(x, Fx)+ d(x, x2n+1))
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for all n ∈ J . Since g is continuous, we obtain
d(x, Fx) ≤ g(0, d(x, Fx), 0, 0, d(x, Fx)+ 0).
Now by using Proposition 1.6, we have d(x, Fx) = 0 and so x ∈ Fx. This completes the proof. 
The following result is a consequence of Theorem 2.2.
Theorem 2.3. Let (X, d) be a complete metric space and T : X −→ C(X) a multifunction. Suppose that there exist α ∈
(0, 1), g ∈ R with h = g(1, 1, 1, 2, 0) such that α(h+ 1) ≤ 1 and αd(x, Tx) ≤ d(x, y) imply
H(Tx, Ty) ≤ g(d(x, y), d(y, Ty), d(x, Tx), d(x, Ty), d(y, Tx))
for all x, y ∈ X. Then T has a fixed point.
It is easy to see that the Nadler fixed point theorem and [5, Theorem 2] follow directly from Theorem 2.3.
Corollary 2.4. Theorem 1.4 is a special case of Theorem 2.3, which is an extension of a theorem given in [8].
Proof. Define g ∈ R by g(x1, x2, x3, x4, x5) = ax1 + cx2 + bx3. Put α = 1−b−c1+a . Since h = a + b + c and α(1 + h) ≤ 1, by
using Theorem 2.3, T has a fixed point. 
Corollary 2.5. Let (X, d) be a complete metric space and T : X −→ C(X) a multifunction. Assume that there exists r ∈ [2−12 , 1)
such that θ(r)d(x, Tx) ≤ d(x, y) implies H(Tx, Ty) ≤ r max{d(x, y), d(x, Tx), d(y, Ty)} for all x, y ∈ X. Then T has a fixed point.
Proof. Define g ∈ R by g(x1, x2, x3, x4, x5) = r max{x1, x2, x3}. Put α = θ(r). Since h = r and α(1 + h) ≤ 1, by using
Theorem 2.3, T has a fixed point. 
Corollary 2.6. Let (X, d) be a complete metric space and T : X −→ C(X) a multifunction. Assume that there exist β, γ ∈ [0, 1)
such that
1
2β + γ + 1d(x, Tx) ≤ d(x, y) implies H(Tx, Ty) ≤ γ d(x, y)+ βd(x, Tx)+ βd(y, Ty)
for all x, y ∈ X. Then T has a fixed point.
Proof. Define g ∈ R by g(x1, x2, x3, x4, x5) = γ x1 + βx2 + βx3. Put α = 12β+γ+1 . Since h = 2β + γ and α(1+ h) ≤ 1, by
using Theorem 2.3, T has a fixed point. 
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